Broadband Wall-less Waveguide for Shallow Water Waves by Zareei, Ahmad & Alam, Mohammad-Reza
ar
X
iv
:1
81
2.
02
22
1v
2 
 [p
hy
sic
s.f
lu-
dy
n]
  1
 Ju
n 2
01
9
Broadband Wall-less Waveguide for Shallow Water Waves
Ahmad Zareei∗ and Mohammad-Reza Alam
Mechanical Engineering Department, University of California, Berkeley 94720, USA
We present a broadband waveguide for water waves obtained through mere manipulation of seabed
properties and without any need for sidewalls. Specifically, we show that a viscoelastic seabed results
in a modified effective gravity term in the governing equations of water waves, which provides a
generic broadband mechanism to control oceanic wave energy and enables confining surface waves
inside a long narrow path without sidewalls. Our findings have promising applications in guiding
and steering waves for oceanic wave energy farms or protecting shorelines.
INTRODUCTION
The Intensity of all physical waves decreases as they
propagate away from their sources due to the so-called
spreading loss. Waveguides counteract this spreading and
keep the energy flowing over long distances with minimal
losses. The simplest waveguide is based on reflection of
waves from waveguide’s boundary due to a sharp change
in refractive index [1–3]. For electromagnetic waves, op-
tical fibers (or dielectric slabs) are an example of such
waveguides where light rays entering the fiber with in-
cidence angle upto the fiber’s cut-off angle [4] get re-
flected from boundaries, stay confined, and propagate
inside the fiber [5]. An equivalent of such simple waveg-
uide for water waves is a side-wall confinement where
water waves propagate inside a canal while getting re-
flected from boundaries. Additionally, the propagation
dynamics of various surface gravity water wave envelopes
in canals has been extensively studied [6–8].
The drawback of reflection-based waveguides is modal
dispersion which effectively spreads the temporal dura-
tion of a pulse and limits the operational bandwidth [9].
Modal dispersion may considerably be reduced by engi-
neering the velocity profile and therefore the refractive
index distribution inside a waveguide. A graded core
fiber with a parabolic refractive index profile [10] is an
example of such waveguides for electromagnetic waves,
where wave rays refract toward the fiber’s centerline as
they travel through the waveguide [11–14]. Shallow wa-
ter waves behave similar to optical waves, where water
wavenumber k is equivalent to optical refractive index
n and it satisfies the Fermat’s principle similar to op-
tics [15]. The wavenumber in surface gravity waves de-
pends on the water depth and gravitational acceleration
through c2 = gh, where c = ω/k is the phase speed,
g is the gravitational acceleration, and h is the water
depth. As a result, any variation in water depth or grav-
itational acceleration alters the refractive index profile
which would enable wave ray path engineering in water
waves, e.g., a ridge-form sea-bed topography has a re-
fractive index similar to a graded-index fiber and is capa-
ble of trapping certain frequencies of long-wave oceanic
waves over the ridge [16, 17]. Besides refractive index,
the effects of depth variation on water wave propaga-
tion can be considered through other mechanisms as well,
e.g., through (i) Bragg resonance between surface waves
and sea-bed topography [18–20]; (ii) band features of pe-
riodic structures inspired by photonic crystals [21–27];
(iii) homogenization effect of a rapidly changing topog-
raphy [28–31]. The first two methods are narrow band
and highly sensitive to frequency, while the last approach
works in a broader range of frequencies. The effective
bandwidth of last approach, the homogenization method,
can be found by homogenization condition which restricts
the incident wavelength to be much larger than charac-
teristic length of sea-bed variations.
The other parameter affecting water waves, in addition
to water depth, is the gravitational acceleration which on
the contrary is always a physical constant and can not
be altered. While the actual gravity is constant, the ob-
served effective gravity can change. There are only a few
studies observing an altered effective gravitational accel-
eration for water waves: (i) an array of vertical cylin-
ders at low frequencies simultaneously changes both ef-
fective depth and effective gravity which depends on the
filling ratio of cylinders [32]; (ii) a periodic array of res-
onators at low frequencies has a negative effective gravity
which results in band-gap that strongly reflects the waves
[33, 34]; (iii) a thick, rigid, and unmovable plate covering
the water surface exhibits an infinite gravitational accel-
eration (or equivalently a zero refractive index) which is
analogous to epsilon near zero materials in optics [35–37]
and has potential applications in focusing and collima-
tion of water waves [38]. Although these methods offer
scenarios in which an altered effective gravitational accel-
eration is observed (only infinite or negative); they do not
provide a generic mechanism to obtain finite variations in
effective gravitational acceleration. It is to be noted that
arbitrary modification of effective gravity enables broad-
band manipulation of shallow water waves which, on the
contrary, is not possible through water depth variations.
Furthermore, the transformation optics method usually
requires variations in the gravitational acceleration [30]
which enforces using alternative methods [e.g., 39, 40].
Here, we show that a visco-elastic bottom topography
results in an effective gravitational acceleration which can
be adjusted through elasticity and damping of a sea-bed
carpet. The tunable effective gravitational acceleration
2provides a generic mechanism to control the flow of ocean
wave energy through a passive sea-bed, and is exempli-
fied by a water waveguide which has no physical walls
and still confines the water waves to propagate inside the
waveguide region. The water waveguide is analogous to
graded index optical fibers with parabolic refractive in-
dex and is engineered through the effective gravitational
acceleration using elastic sea-bed carpet. Water waves
over the designed elastic sea-bed (waveguide) are trans-
mitted over long distances with a low attenuation loss.
We numerically validate the design and test the effective-
ness of the waveguide in transmitting water wave energy.
The proposed mechanism along with water depth varia-
tions open new venues in the control of ocean wave energy
which have engineering applications in guiding and steer-
ing incoming waves toward or away from destinations of
interest such as artificial surf zones, wave energy farms,
or to protect shorelines.
GOVERNING EQUATIONS
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FIG. 1. Schematic of a visco-elastic carpet on the seafloor.
The carpet is composed of linear springs with stiffness co-
efficient k∗ providing the restoring force, and dash-pot type
dampers with damping coefficient b∗ extracting energy from
the system. The distance between each module of the spring
damper is assumed to be much smaller than the typical wave-
length of the over passing waves such that the assumption of
continuously distributed springs and dampers is valid.
We consider an inviscid, incompressible, and irrota-
tional fluid over a visco-elastic sea-bed (see Fig. 1). We
set the coordinate system on the mean free surface of
water with z-axis pointing upward and the mean depth
being at z = −h. The linearized governing equations for
the surface/bottom elevation η/ζ and the velocity poten-
tial φ, ignoring the surface tension, are [41]
∇2φ = 0, −h ≤ z ≤ 0 (1a)
ηt = φz , z = 0 (1b)
φt + gη = 0, z = 0 (1c)
ζt − (hxφx + hyφy) = φz , z = −h (1d)
φt + gζ +
1
ρ
[b∗ζt + k
∗ζ] = 0, z = −h (1e)
where k∗ and b∗ are the stiffness and viscous damping
coefficient of the visco-elastic bottom per unit area, ρ is
the density of fluid, and g is the gravitational accelera-
tion. In this set of governing equations, (1a) is the con-
tinuity equation in the fluid domain, (1b) and (1d) are
the kinematic boundary conditions on the free surface
and bottom topography, and (1c) and (1e) are dynamic
boundary conditions on the free surface and visco-elactic
bottom. We nondimensionalize the governing equations
with the following nondimensional groups as
(x′, y′) = k(x, y), z′ =
z
H
, h′ =
h
H
, t′ = k
√
gHt,
(2a)
η′ =
η
A
, φ′ =
(
1
k
A
H
√
gH
)
−1
φ (2b)
ζ′ =
ζ
A
, λ = (kH)
b∗
ρ
√
gH
, γ =
k∗
ρg
, µ ≡ kh (2c)
where k and A are respectively the characteristic wave
number and wave amplitude of incident waves. Nondi-
mensionalizing the governing equations in (1), dropping
the primes for the sake of simplicity, and assuming of
time harmonicity ω for the incoming waves, the govern-
ing equations simplify to
µ2 (φxx + φyy) + φzz = 0,−h ≤ z ≤ 0 (3a)
− µ2ω2φ+ φz = 0, z = 0 (3b)
µ2
ω2φ
1 + λ(iω) + γ
− µ2 (hxφx + hyφy) = φz , z = −h.
(3c)
Next, we assume the shallow water regime, µ ≪ 1, and
expand the solution for the velocity potential as φ =
φ(0) + µ2φ(2) + . . .. Finding the zeroth and second order
solutions, and considering the solvability condition [15],
one can obtain the zeroth mode governing equation. In
the dimensional form, the governing equation reads
∇.
(
h∇φ(0)
)
+
ω2
g˜
φ(0) = 0, g˜ = g
[
1 +
ρg
k∗ + ib∗ω
]
.
(4)
The obtained governing equation (4) is similar to the
shallow water wave equation [15]; however, with a differ-
ent gravitational acceleration g˜. This derivation suggests
that the net effect of a visco-elastic sea-bed in shallow
water regime can be summarized with a modified gravity
term that depends on the elasticity and viscosity of the
sea-bed.
BROADBAND WAVEGUIDE DESIGN
In an incompressible, inviscid, and irrotational fluid
where the fluid depth is h, the wave equation in long
3wave limit kh≪ 1 reads as ∇.(h∇φ)+ω2φ/g = 0, where
∇ is the horizontal gradient, φ is the velocity potential
with fluid velocity v = ∇φ, ω is the wave frequency, and
g is the gravitational acceleration. Equivalent refractive
index for water waves is obtained as n = c0/c, where c0
is the wave phase velocity at a reference point and c is
the local phase velocity [15]. Since phase velocity is in-
versely proportional to the wave number, c = ω/k, the
refractive index becomes proportional to the wave num-
ber as n ∝ k. Phase velocity of shallow water waves
depends on the water depth and gravitational accelera-
tion through c =
√
gh, where variations in water depth h,
or gravitational acceleration g would lead to changes in
the refractive index n. The local refractive index deter-
mines the wave ray paths for water waves, and therefore
enables steering of water waves through refractive index
profile engineering. In shallow water waves, water depth
is constrained by kh ≪ 1, and as a result water depth
variation decreases the effective bandwidth of the system.
The only other parameter that effects the refractive index
is the gravitational acceleration which is a physical con-
stant. Nevertheless, a visco-elastic sea-bed results in an
effective (modified) gravitational acceleration which can
be adjusted by changing the elasticity and viscosity of
the sea-bed. The modified gravitational acceleration al-
lows variations in refractive index and contrary to water
depth variations does not restrict the effective bandwidth
of the system.
Assuming a visco-elastic sea-bed, the governing equa-
tion for shallow water waves is obtained as ∇.(h∇φ) +
ω2φ/g˜ = 0, where
g˜ = g
[
1 +
ρg
k∗ + ib∗ω
]
, (5)
in which k∗, b∗ are the spring and damping coefficient
of the visco-elastic bottom, ρ is the fluids density, and
ω is the frequency of incoming wave. Therefore, the
effective gravitational acceleration observed is different
from constant gravitational acceleration g and can be al-
tered using stiffness and damper coefficients in the visco-
elastic sea-bed. In the limit where the springs are stiff
k∗/ρg ≫ 1, the effective gravitational acceleration sim-
plifies to g˜ = g as expected. The imaginary part of the
effective gravitational acceleration depends on both fre-
quency and damper coefficient ib∗ω and represents the
absorption of energy by the dampers in the visco-elastic
carpet and can be used in designing high-performance
wave energy extraction devices through actuated sea-
floor mounted carpets [41, 42].
Using obtained effective gravity in (5), the refractive
index becomes
n =
c0√
g˜h
=
√
h0
h
1√
1 + ρg/ (k∗ + ib∗ω)
, (6)
where it depends on the visco-elastic sea-bed parameters.
This provides a generic broadband mechanism to alter
the refractive index through elasticity and viscosity of
the sea-bed, and hence enables control of wave rays path
of oceanic water waves. Here as an example, we design
a visco-elastic sea-bed analogous to graded-index optical
fibers for guiding water waves.
Graded-index waveguides (or fibers) in optics are used
to guide electromagnetic waves over long distances. The
refractive index of such waveguides should vary as n(y) =
nc sech(κy/L), where n(y) is the refractive index of the
waveguide measured by the distance from the center line
of the fiber, nc is the fiber’s core refractive index, L is
the width of the waveguide, and κ is a tuning parameter
that controls the distance between focal points Lf (Fig.
2).
(a) (b) Lf
FIG. 2. (a) Refractive index profile in a graded index (GRIN)
wave guide where n(y) = ncsech(κ y/L). (b) Top view of
ray paths (solid lines) in a graded-index wave-guide (dashed
lines). The tuning parameter κ in refractive index profile
controls the distance between focal points Lf .
For the ease of experiment, we use the first two terms
in the Taylor expansion of refractive index as [43]
(
n(y)
nc
)2
= 1− δ y
2
L2
, (7)
which gives a parabolic refractive index profile with
δ = κ2. Similar to optical waves, shallow water waves
stay confined inside a region with parabolic refractive in-
dex profile and wave energy is transmitted over long dis-
tances preventing the spreading loss. We take x-axis to
be the center-line of the GRIN waveguide, and y-axis rep-
resenting the distance from waveguide’s centerline. Using
equations (6) and (7), the effective gravity is obtained as
g(y) = g˜c/
(
1− δy2/L2) where g˜c represents the effective
gravity at the waveguide’s centerline. The stiffness of the
elastic bottom topography is then obtained using equa-
tion (5) as ρg/k∗ = g˜/g − 1. Figure 3 depicts the values
of effective gravitational acceleration and elastic sea-bed
stiffness over the width of the waveguide. The profiles are
plotted for different values of δ to show the sensitivity of
the obtained profile with variations in δ. The waveguide’s
core effective gravity is considered to be very close to the
gravitational acceleration g˜c/g = 1.001 which translates
into a stiff (or rigid) sea-bed. Note that a higher differ-
ence between core’s effective gravitational acceleration
4and the actual gravity causes more impedance mismatch
at the entrance of the waveguide and therefore a higher
reflection at the entry of the waveguide; accordingly the
core’s gravity is considered to be close to the actual grav-
ity. In the asymptotic, the rigid ground has stiffness of
infinity where the effective gravitational acceleration be-
comes the actual gravity g˜ = g.
(a)
(b)
FIG. 3. Nondimensionalized stiffness k∗/ρg and effective
gravity g˜/g over the width of the water waveguide y/a for
different values of δ (δ = 0.7 (——), δ = 0.8(— - —), and
δ = 0.9 (- - -)) where the waveguide’s core effective gravity is
considered to be very close to the gravitational acceleration
g˜/g = 1.001
RESULTS
In order to validate the theoretical design, we use
Finite Element Methods (FEM) to solve the governing
equation, given the stiffness profile shown in Fig. 3
for δ = 0.8. We use Crank-Nicolson method for time
discretization along with piece-wise linear isoparamet-
ric shape functions for spatial discretization. We chose
the open-source finite element package FreeFEM++ [44] to
solve the discretized variational formulation of the gov-
erning equation. The length scale is non-dimensionalized
using the wave-length of the incoming wave, and the non-
dimensionalized time is obtained from dispersion rela-
tion. The numerical domain is set to [0, 30]× [−7.5, 7.5],
where the center of the wave guide is at y = 0 and spans
in the y-direction from −1.5 to 1.5. The domain’s bor-
der is seeded by δx = 0.04 and the element mesh is then
created using FreeFem++ mesh generator. Waves are in-
serted through the waveguide using a tanh ramp-function
representing the wave generator and solution is found by
marching in time with δt = T/100 where T is the wave
period. Artificial absorbing boundary condition is used
to absorb the outgoing waves at the boundaries of the
domain.
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FIG. 4. Top view of normalized velocity potential φ/φin,
where φin is the incident velocity potential inside the test re-
gion. The normalized wave amplitude profile η/ηin is the same
as normalized velocity potential, since η = iωφ/g. Waves are
inserted in the domain from left and propagate to right. Fig-
ure (a) shows the normalized velocity potential over a con-
stant depth sea-bed and gravity. The waves spread as they
propagate and the amplitude of decreases. Figure (b) shows
the normalized velocity potential when the elastic waveguide
is implemented in the middle region between dashed lines
(- - -). The elastic sea-bed confines the waves inside the mid-
dle region and prevents the waves from spreading. The net
effect of the elastic sea-bed is similar to the graded-index op-
tical fibers that confine and transmit electromagnetic wave
rays.
As shown in Fig. 4a, when the bottom topography is
flat, the water waves disperse in the transverse direction
normal to the wave rays propagation and therefore the
wave amplitude decreases as it propagates through the
simulation region. On the other hand, when the graded
index waveguide is implemented through elastic sea-bed,
the water waves stay confined inside the waveguide re-
gion and propagate with much less decrease in the wave’s
amplitude (Fig. 4b). It is to be noted that there is no
physical wall at the boundaries of the waveguide, and
the elastic sea-bed is only counteracting the spreading of
waves which allows long distance propagation and trans-
mission of wave energy.
In order to quantify the performance of the waveguide,
the surface wave amplitude along the center line of the
waveguide y = 0 is plotted in Fig. 5a. The wave ampli-
tude at the centerline of the waveguide when the bottom
topography is flat has 80% reduction due to spreading
5(ηout/ηin = 0.2) as it travels the distance of the waveg-
uide D = 30λin where λin is the incident wavelength.
On the contrary, waves inside the graded refractive index
elastic sea-bed waveguide has only an amplitude decrease
of 20% reduction with ηout/ηin = 0.8 (Fig. 5a). Running
the simulation for an even larger domain, D/λin = 35,
we observe a 90% reduction for the case of flat topog-
raphy and 25% reduction for the waveguide with elastic
seabed. In order to capture the motion of elastic sea-
bed, the elastic sea-bed elevation is plotted in Fig. 5b.
As shown in this figure, the amplitude of the elastic car-
pet is at most 7% of the incident wave amplitude, which
makes it suitable for practical applications. Note that
increasing the value of δ as shown in Fig. 3, would in-
crease the values of effective gravity at the boundaries.
This would decrease the amount of energy escaped from
the boundaries of the waveguide and therefore increase
the final magnitude of the surface elevation at the final
point.
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FIG. 5. (a) Wave amplitude along the center-line of numerical
domain y = 0 for the case with designed sea-bed carpet (——)
and flat sea-bed (- - -). (b) Normalized elevation of the elastic
sea-bed carpet ζ/ηin. The elastic sea-bed domain is [0, 30] ×
[−1.5, 1.5] over which the elevation is nonzero. The maximum
elevation recorded over the sea-bed is ζmax/ηin = 0.07.
CONCLUSION
In this manuscript, we showed that the net effect of a
visco-elastic sea-bed can be summarized through an effec-
tive (modified) gravitational acceleration term which is
adjustable through elasticity and viscosity of the sea-bed
parameters. This method proposes a generic broadband
mechanism for modifying the effective gravitational ac-
celeration which enables new ways of controlling oceanic
wave energy. As an example, we designed a passive elas-
tic sea-bed which is capable of guiding and transmitting
water waves over long distances. The proposed method
has potential applications in guiding and steering waves
toward or away from destinations of interest such as arti-
ficial surf zones, wave energy farms, or to protect shore-
lines.
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